ABSTRACT. In this article I define and study the overconvergent rigid fundamental group of a variety over an equicharacteristic local field. This is a non-abelian (ϕ,∇)-module over the bounded Robba ring E † K , whose underlying unipotent group (after base changing to the Amice ring E K ) is exactly the classical rigid fundamental group. I then use this to prove an equicharacteristic, p-adic analogue of Oda's theorem that a semistable curve over a p-adic field has good reduction iff the Galois action on its ℓ-adic unipotent fundamental group is unramified.
INTRODUCTION
Let F be a complete, discretely valued field of characteristic p > 0, R its ring of integers, and k its residue field, which to begin with will be assumed finite. Choose a uniformiser t, thus R ∼ = k t and F ∼ = k((t)). Let G F = Gal(F sep /F) denote the absolute Galois group of F. While for any prime ℓ = p the category Rep Q ℓ (G F ) of ℓ-adic Galois representations is reasonably tractable (for instance, one has a good notion of local monodromy), the category of p-adic Galois representations of G F exhibits rather wild behaviour. Similarly, when one studies the cohomology of varieties over F, one finds that the ℓ-adicétale theory is much better behaved than the p-adic one.
The way that this gap 'at p' has generally been filled is by various versions of de Rham or crystalline type cohomology; generally speaking you take a lift of your variety to characteristic 0, then use the de Rham cohomology of this lift to define the p-adic cohomology of the original variety in characteristic p. The Notations and conventions. I will denote by F a complete discretely valued field of characteristic p > 0, by R its ring of integers, t a uniformiser and k its residue field, which will be assumed perfect. I will fix q = p a such that k ⊃ F q , and Frobenius will always refer to the q-power Frobenius. I will write W = W (k) for the ring of Witt vectors of k, and K 0 = W [1/p] for its fraction field. I will denote by K a finite, totally ramified extension of K 0 , and V its ring of integers; σ will denote a choice of (q-power) Frobenius on V or K, and π a uniformiser of V . I will write K σ for the fixed field of Frobenius, it is thus a finite totally ramified extension of Q q := W (F q )[1/p]. Formal schemes will always be understood to be p-adic formal schemes, in particular the power series ring V t will be equipped with the p-adic topology and not the (p,t)-adic one.
commutes. Note that π rig 1 (X/E K , x) should be considered as a p-adic analogue of the geometric unipotent ℓ-adic fundamental group π´e t 1 (X F , x) Q ℓ classifying unipotent lisse Q ℓ -sheaves on X F (for ℓ = p). This latter object comes with the extra structure of a Galois action, and the analogous extra structure in the p-adic world is that of a (ϕ, ∇)-module over E K . In the non-abelian case, this really means that the Hopf algebrâ A rig,∨ ∞,x := O(π rig 1 (X/E K , x) is a 'Hopf algebra in the category MΦ ∇ E K of (ϕ, ∇)-modules over E K ' in the following sense. Definition 1.2. An Hopf algebra in MΦ ∇ E K is an ind-object A ∈ Ind(MΦ ∇ E K ) together with maps
making the diagrams expressing the axioms for a Hopf algebra commute.
As a concrete example, the 'associativity' of the multiplication is expressed by the commutativity of the diagram
It is fairly easy to see that the 'forgetful functor' MΦ Proof. Faithfulness follows from [LP16, Lemma 2.59]. To show exactness, the question is local on P, which I may therefore assume to be affine, and on X, which I may therefore assume to be of the form X = Y ∩ D(g) for some g ∈ O P . Let f 1 , . . . , f r ∈ O P be such that Y = P ∩V ( f 1 , . . . , f r ) (here P is the closed fibre of P.
The exactness question being local on ]Y [ P , it suffices to work instead on each of the quasi-compact tubes 
• where the (−) • means integral closure, so that Spa (E m , O E m ) is a finite type adic space over D b K , and V n,m is of finite type over Spa
Then applying [LP16, Lemma 2.66], together with its 'classical' analogue, it suffices to show that the functor
), then what I need to show then is that the functor − ⊗ A n,m A ′ n,m is exact for finitely generated A n,m -modules. Since it is clearly right exact, it suffices to show left exactness. Note that for coherent A n,m -modules the functor − ⊗ A n,m A ′ n,m can be identified with the completed tensor product functor − ⊗ A n,m A ′ n,m , and hence, since
with the completed tensor product functor
), and similarly
). Since the functor − ⊗ Z p Q p inverting p is exact, it suffices to show that the functor − ⊗ O Em O E K is left exact on the exact (but not abelian) category of finitely generated, p-torsion free B n,mmodules. Since this completed tensor product functor can now be written as A/V t in a neighbourhood of X, and let ∂ i be the dual basis of the tangent bundle.
with E 1 and E 2 overconvergent, and fix integers 0 ≤ n, m. Let V n,m ⊂ P K be the open subspaces as considered above in the proof of Lemma 2.1, and let U ⊂ V n,m be an open affinoid such that E 1 and E 3 , and hence E 2 , are free on U. Choose a basis for E 1 and extend to a basis for E 3 , and for each i let
be the matrix representing the action of ∂ i with respect to this basis. Next fix an integer n ′ > n, let p i : P 2 K → P K denote the two projections, and write V (2)
n ′ is taken inside P 2 K (embedding Y via the diagonal). Let P be the structure sheaf of the formal completion of the diagonal
) → Γ(U, P) expressing the latter as the formal completion of the former. Finally let
be the matrix of the formal Taylor isomorphism P ⊗ E 2 ∼ → E 2 ⊗ P on U. Then overconvergence of E 1 and
(2)
To see this, note that the action of ∂ i on the matrix A B 0 C is simply given by left multiplication by
, from which, as in the proof of [CLS99, Proposition 1.2.2], follows the identity
Since the RHS has coefficients in Γ(V
) and n < n ′ it follows that A −1 B, and therefore B, has
Finally, by covering V n,m with such U and letting n → ∞ shows that the Taylor isomorphism of E 2 converges in a strict neighbourhood of the diagonal, and hence E 2 is overconvergent as claimed.
Corollary 2.6. Let X/F be a variety, and
natural in E i and X.
Proof. If (X,Y, P) is a smooth and proper frame, then
There are a few results centred on this way of viewing things that will be needed, specifically an adjoint functor to H 0 rig (X/E † K , −), a projection formula, and a 'Leray spectral sequence'. The first two of these are easy.
Proposition 2.8. The functor
and for any E ∈ F-Isoc
, and any i ≥ 0, there is a canonical isomorphism
Remark 2.9. In the above situation, I will generally write
Proof. Entirely straightforward.
The Leray spectral sequence I will require will show how to calculate extension groups in the category F-Isoc † (X/K), and will be part of a more general theory of 'absolute' cohomology for overconvergent Fisocrystals. To set up this theory properly will require promoting the cohomology groups
to a complex in a suitable derived category of (ϕ, ∇)-modules, and this is the topic of the next section.
C. Lazda
ABSOLUTE FROBENIUS COHOMOLOGY
The purpose of this section is to introduce 'absolute' cohomology groups for objects E ∈ F-Isoc † (X/K), analogous to Jannsen's continuous ℓ-adic cohomology in theétale theory, or Deligne cohomology in Hodge theory. The basic point is to promote the cohomology groups
to an object in a suitable derived category, and then show that the hom groups in this category compute extension groups of F-isocrystals. The vast majority of this section is fairly formal, and while the reason for introducing these 'absolute cohomology groups' is to make the proof of Theorem 5.3 a bit more streamlined, I fully expect there to be many other future applications, for example in the study of L-functions.
For simplicity I will assume throughout that there is a smooth and proper frame (X,Y, P) admitting a Frobenius lift σ , the general case is handled using descent methods and simplicial frames (the proofs are identical but the notation far more cumbersome). The first thing I need to do is relax the fairly stringent conditions defining the category F-Isoc † (X/K).
The category of modules with integrable connection and weak Frobenius is denoted
There is therefore a fully faithful functor F-Isoc
for the category of E † K -vector spaces with connection (not necessarily finite dimensional) and MΦ w,∇ E † K for the category of E † K -vector spaces with connection and (compatible) weak Frobenius. I do not claim that these are equivalent to the categories (F w -) MIC((X,Y, P)/K) over the 'base' frame
and I see no reason to believe that they are. There is, however, a fully faithful functor MΦ
Lemma 3.3. The categories F w -MIC((X,Y, P)/K) and MIC((X,Y, P)/K) have enough injectives, and the forgetful functor
Proof. Note that the functor E → n≥0 (σ * ) n E gives an exact left adjoint to the exact forgetful functor, and hence by general nonsense it suffices to prove that MIC((X,Y, P)/K) is a Grothendieck category. But now simply note that MIC((X,Y, P)/K) is the category of sheaves of left modules over a suitable ring of differential operators on ]Y [ P , and the claim follows.
Define functors
exactly as for overconvergent isocrystals, these collectively form a δ -functor. Alternatively, since the categories (F w -)MIC((X,Y, P)/K) have enough injectives, and
in the bounded derived category of K σ -vector spaces (we will see that these complexes are indeed bounded shortly). These are independent of the choice of frame and functorial in X.
When X = Spec (F) and E corresponds to some (ϕ, ∇)-module M, I will generally write
. These cohomology groups can be calculated as follows. For any M ∈ MΦ 
and an associated complex
and for a (not necessarily finite dimensional) K-vector space V with a (not necessarily bijective) Frobenius ϕ write
Then:
It follows from Proposition 2.5 together with some general nonsense about derived functors that there exist canonical isomorphisms
Finally, the Leray spectral sequence required is the following.
In particular there exists an exact sequence
of low degree terms.
Proof. This is simply the Grothendieck spectral sequence associated to the composition
Remark 3.9. Actually, I will also need a version of absolute Frobenius cohomology in the global case, as well as the local case, that is for algebraic varieties over k, rather than F. Needless to say, this is entirely similar to (and, if anything, easier than) the local case handled above. I will therefore refer to such absolute Frobenius cohomology groups H i F (X/K, E) whenever X/k and E ∈ F-Isoc † (X/K) without further mention. Essentially all the expected formalism holds, in particular there will be a Leray spectral sequence as in Proposition 3.8 above.
THE FUNDAMENTAL GROUP OF A TANNAKIAN CATEGORY
In this section I will briefly recap some of the material from [Del89] on algebraic geometry in Tannakian categories, and in particular the notion of the fundamental group of a Tannakian category. So let T be a Tannakian category over an arbitrary field k, with unit object 1. I have already essentially described (Definition 1.2) what should constitute a Hopf algebra in T , this can be put into a slightly broader framework as follows.
Definition 4.1. A commutative T -algebra is an object A ∈ Ind(T ) together with maps m : A ⊗ A → A and u : 1 → A such that the diagrams
commute, where τ is the 'switch' map. A morphism of T -algebras is then a morphism commuting with m and u. The category of commutative T -algebras is denoted Alg T .
Define the category of affine T -schemes to be the opposite category Aff T := Alg op T .
Definition 4.2. An affine group scheme over T is a group object in Aff T .
Of course this can be described in terms of 'Hopf T -algebras' as in Definition 1.2. If L is a k-field and ω : T → Vec L is a fibre functor, then ω induces functors
from the categories of T -algebras (resp. affine T -schemes, affine group schemes over T ) to the category of L-algebras (resp. affine L-schemes, affine group schemes over L).
For any such fibre functor ω there is an affine group scheme π(T , ω) over L representing the functor of automorphisms of ω, and the basic idea of the fundamental group of a Tannakian category is to package these together into a single affine group scheme over T . This is of course functorial in T , in that whenever there is a (faithful, exact, tensor) functor η : T → T ′ of Tannakian categories there is an induced homomorphism
of fundamental groups. To put this in a relative situation, suppose that T , T ′ is a pair of Tannakian categories and there is a pair of (faithful, exact, tensor) functors η :
Then there is a homomorphism
of affine group schemes over T ′ , define
this is an affine group scheme over T ′ . I will in general refer to π(T /T ′ , η) as the relative fundamental group associated to the pair of functors η : T ⇆ T ′ : η ′ , note the asymmetry in the requirement that
Finally, I will need the following result. 
between the extension of scalars of T to L and the category of L-linear representations of π(T , ω).
(ϕ, ∇)-MODULE STRUCTURE VIA THE TANNAKIAN FORMALISM
Let X/F be a geometrically connected variety, and x ∈ X(F) a rational point. Then there is a fibre functor
on the Tannakian category N Isoc † (X/E † K ) and the (unipotent) rigid fundamental group of X with base point x is defined by
using the Tannakian formalism. In this section I will show how to put a '(ϕ, ∇)-module structure' on π rig 1 (X/E † K , x), using similar methods to those in [Laz15] . The exact meaning of a (ϕ, ∇)-module structure in the non-abelian situation is the following.
To define such a structure, consider the category F-Isoc † (X/K) of F-isocrystals on X/K, and the natural 'pullback' functor
Assume that W n has been constructed satisfying all the required conditions, I will construct W n+1 as an extension of W n by
. Using the five term exact sequence arising from Proposition 3.8, together with the 'projection formula' (i.e. Proposition 2.8) and the induction hypothesis there is the following exact sequence
Now use the hypothesised map x
appearing in the above sequence, and hence define W n+1 to be the extension class
To show the first of these, consider the exact sequence in cohomology
associated to the short exact sequence
is an isomorphism after forgetting (ϕ, ∇)-module structures (c.f. Lemma 3.17 of [Laz15] and the following paragraph), and hence is an isomorphism. Therefore by the induction hypothesis
To show the second, note that by construction the exact sequence
splits after pushing out via x * W ∨ n → E I will construct W n+1 as an extension of W n by f * (R 1 f * W ∨ n ) ∨ . From the five term exact sequence coming from the Leray spectral sequence for 'global' absolute Frobenius cohomology (see Remark 3.9) together with the global projection formula [Laz15, §3] and the induction hypothesis, there is an exact sequence
Now use the hypothesised map s
to split the maps
which maps to the identity in End
. By the base change formula for R 1 f * , this is indeed an extension of U n+1 to N F-Isoc † (X /K). The completion of the proof is then exactly as in Theorem 5.3.
GOOD REDUCTION CRITERIA
In the rest of this article, I will show how to use the 'non-abelian' information contained in π , which is a logarithmic analogue of non-singularity, and show that for regular objects, non-singularity is equivalent to the vanishing of a certain monodromy operator. Let δ t denote the 'logarithmic' derivation 
Denote by L the log structure on Spec(R) coming from the closed point, then the analogous category F-Isoc((Spec (R) , L)/K) can be defined similarly, and using the Frobenius lift σ on S K there is a fully faithful realisation functor
Lemma 9.2. This functor is an equivalence of categories.
Proof. It suffices to observe that the presence of a Frobenius structure enforces quasi-nilpotence of the connection [Tsu98, Proposition 3.4.2].
By locally lifting X to affine schemes of characteristic 0 admitting Frobenius lifts, realising on these open affines, applying j † , and then gluing, there is a functor
The presence of Frobenius means that overconvergence conditions are automatic, by [LP16, Proposition 3.25]. Now, for any E ∈ F-Isoc((X , M)/K) the relative log-crystalline cohomology groups
(see for example [HK94, §2] ) can be considered as objects of MΦ ∇,log S K , there are also absolute cohomology groups H i log -cris ((X , M)/K, E), which are (not necessarily finite dimensional) vector spaces over K together with a (not necessarily bijective) σ -linear endomorphism. By promoting these latter cohomology groups to complexes of K-modules with a weak Frobenius, it is possible, exactly as in §3, to define 'absolute' Frobenius cohomology groups in this context (as vector spaces over Q q , possibly infinite dimensional), satisfying all the expected formal properties. Using the zeroeth relative and absolute cohomology groups, I can now prove the following.
Now, formation of internal homs commutes with
and there is a similar calculation computing hom groups in the latter category. Moreover, for any E ∈ F-Isoc((X , M)/K) the base change map
is an isomorphism (as can be seen for example by base change to E K and applying proper base change for log-crystalline cohomology). Hence the required full faithfulness theorem follows from the corresponding claim for MΦ
Remark 9.5. Normally to obtain Tannakian categories of 'logarithmic' objects, one needs to impose some sort of condition of having 'nilpotent residues'. The point is that the presence of Frobenius structures forces objects to have nilpotent residues.
Let N f F-Isoc((X , M)/K) denote the category of relatively unipotent objects in F-Isoc((X , M)/K), i.e. those which are iterated extensions of those pulled back from MΦ
Since f is proper, the smooth point x : Spec (F) → X extends uniquely to a section s : (Spec (R) , L) → (X , M) of f . Associated to the pair of functors
there is therefore an affine group scheme π log-cris 1
. Now the proof of Theorem 9.1 boils down to the following.
Proof. As in the proof of Theorem 6.3, it suffices to show this after 'forgetting the (ϕ, ∇)-module structures' on both sides, i.e. to show that the base change morphism
denote the category of relatively unipotent objects i.e. those which are iterated extensions of those pulled back from MΦ
, then again associated to the pair of functors
there is an affine group scheme over MΦ N K which for now I will denote by G log -cris
There is a commutative diagram
where the horizontal arrows in the right hand square are simply the forgetful functors. This induces a homomorphism
or affine group schemes over MΦ N K , and homomorphisms π log-cris 1
of affine group schemes over K, such that the obvious triangle commutes.
Proposition 9.9. All these homomorphisms are isomorphisms.
Of course, the proof exactly follows the previous models, using proper base change in log crystalline cohomology. I will henceforth write π log -cris 1
. The upshot, then, of all of this, is that the monodromy operator associated to the regular non-abelian (ϕ, ∇)-module π
is simply the monodromy operator on the non-abelian (ϕ, N)-module π log -cris 1
DEFORMATIONS TO MIXED CHARACTERISTIC
What the results of the previous section mean is that I can now completely forget about the semistable family X → Spec (R), and concentrate solely on the special fibre as a 'log-smooth stable curve' over k. Again, I will denote by L 0 the log structure of the punctured point on k.
be a finite type log-smooth morphism of log schemes. We say that (X 0 , M 0 ) is a semistable log curve over k ifétale locally it is strictétale over either We say that (X 0 , M 0 ) is a stable log curve if it is moreover proper, and geometrically (i.e. overk) every component isomorphic to P 1 meets the other components in at least three points.
Let (X 0 , M 0 ) be a geometrically connected stable log curve over (k, L 0 ), and s 0 : (k, L 0 ) → (X 0 , M 0 ) a section of the structure morphism. Then as in §9 above its unipotent fundamental group can be considered as a non-abelian (ϕ, N)-module π log-cris 1
. By the results of §8 and §9, the proof of Theorem 7.5 amounts to showing that if the monodromy operator N on π log-cris 1
in fact smooth over k (rather than just log-smooth). A completely algebraic proof of this fact is the subject of current work in progress of Chiarellotto, di Proietto and Shiho [CDPS] , but instead I will deduce it from the mixed characteristic result in [AIK15] .
Let L ′ denote the log structure on Spec(W ) coming from the closed point. Since the deformation theory of log-smooth curves is unobstructed [Kat96, Proposition 8.6], it follows that there exists a log-smooth and proper curve g : (Y , N) → (Spec(W ) , L ′ ) with special fibre (X 0 , M 0 ). Thus Y is a stable curve over W (in the sense of Definition 7.3), N is the log structure associated to the special fibre X 0 , and M 0 = N| X 0 .
Let Y /K denote the generic fibre of Y , and lift the section s 0 to a section t of g. Let y ∈ Y (K) denote the corresponding point. It follows from [AIK15, Theorems 1.4, 1.6] that:
(1) the non-abelian Galois representation π´e t 
To prove this, I will need to give a fairly concrete description of D st (π´e t 1 (Y K , y) Q p ) in terms of the 'universal unipotent objects' U n used both in [AIK15] and in the proof of the various base change theorems above. These objects were originally introduced by Hadian [Had11] , and they also play a key role in the algebraic approach to 'good reduction' theorems for curves in [CDPS] .
In the context of the log special fibre (X 0 , M 0 ) these can be described as follows. As before, let W (L 0 ) denote the Teichmüller lift to W of the log structure of the punctured point on Spec(k), and consider the category Crys((X 0 , M 0 )/(W,W (L 0 ))) Q of log-isocrystals on the relative log-crystalline site. A pointed object
will be an object E together with a chosen element e ∈ s * 0 E. Proposition 10.3. There exists a projective system Following the proof of Theorem 5.3, these can then be extended canonically to objects
and the points u n ∈ s * 0 U n to morphisms w n : K → s * 0 W n in MΦ N K . The corresponding universal property is then the following.
given by composing with w n is an isomorphism in MΦ Proof. The point is that to check that the induced map
is an isomorphism, it suffices to do so after taking the 'fibre', i.e. forgetting the (ϕ, N)-module structure. But now it just follows from the corresponding universal property of the U n .
As in [Had11, §2] , the universal properties of the W n then guarantee the existence of maps 
